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Abstra ct. T his paper uses techniques in noncommutative geometry as developed by Alain 
Connes |Co2|, in order to study the twisted higher index theory of elliptic operators on orb- 
ifold covering spaces of compact good orbifolds, which are in varian t under a projective action of 
the orbifold fundamental group, continuing our earlier work [MM|. We also compute the range 
of the higher cyclic traces on if-theory for cocompact Fuchsian groups, which is then applied to 
determine the range of values of the Connes-Kubo Hall conductance in the discrete m o del of th e 
quantum Hall effect on the hyperbolic plane, generalizing earlier results in [Bel+E+S|, [CHMM|. 
The new phenomenon that we observe in our case is that the Connes-Kubo Hall conductance 
has plateaux at integral multiples of a fractional valued topological invariant, namely the orbifold 
Euler characteristic. Moreover the set of possible fractions has been determined, and is compared 
with recently available experimental data. It is plausible that this might shed some light on the 
mathematical mechanism responsible for fractional quantum numbers. 



Introduction 



This paper uses techniques in noncommutative geometry as developed by Alain Connes | Co2 | in 
order to prove a twisted higher index theorem for elliptic operators on orbifold covering spaces of 
compact good orbifolds, which are invariant under a projective action of the orbifold fundamental 
group. These higher indices are basically the evaluation of pairings of higher traces (which are 
cyclic cocycles arising from the orbifold fundamental group and the multiplier defining the pro- 
jective action) with the index of the elliptic operator, considered as an element in the iiT-theory 
of some completion of the twisted group algebra of the orbifold fundamental group. This paper 



is the continuation of |MM] and generalizes the results there. The main purpose for studying 
the twisted higher index theorem on orbifolds is to highlight the fact that when the orbifold is 
not smooth, then the twisted higher index can be a fraction. In particular, we determine the 
range of the higher cyclic traces on X-theory for general cocompact Fuchsian groups. We adapt 
and generalize the discrete model of the quantum Hall effect of Bellissard and his collaborators 



|Bel+E+S] and also [ |CHMM |, to the case of general cocompact Fuchsian groups and orbifolds, 



which can be viewed equivalently as the generalization to the equivariant context. The new phe- 
nomenon that we observe in our case is that the Connes-Kubo Hall conductance has plateaux 
at integral multiples of a fractional valued topological invariant, namely the orbifold Euler char- 
acteristic. The presence of denominators is caused by the presence of cone points singularities 
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and by the hyperbolic geometry on the complement of these cone points. The negative curvature 
of the hyperbolic structure replaces interaction and simulates, in our single electron model, the 
presence of Coulomb interactions. We also have a geometric term in the Hamiltonian (arising 
from the cone point singularities) which accounts partly for the effect of Coulomb interactions. 
This geometric model of interaction is fairly simple, hence the agreement of our fractions with 
the experimental values is only partial. Among the observed fractions, for instance, we can derive 
5/3, 4/3, 4/5, 2/3, and 5/2 from genus one orbifolds, and 2/5, 1/3, 4/9, 4/7, 3/5, 5/7, 7/5 from 
genus zero orbifolds, see §5. However, fractions like 3/7 and 5/9, seem unobtainable in this model, 
even including higher genus orbifolds. Their explanation probably requires a more sophisticated 
term describing the electron interaction. It is not unreasonable to expect that this term may also 
be geometric in nature, but we leave it to future studies. 

There are currently several different models which describe the occurrence of fractional quantum 
numbers in the quantum Hall effect. Usually quantum field theoretic techniques are involved. 
Most notably, there is a sophisticated Chern-Simons theory model for the fractional quantum 
Hall effect developed by Frohlich and his collaborators, cf. [ [Froh | . Also within the quantum field 



theoretic formalism it can be noticed that possibly different models are needed in order to explain 
the occurrence of different sets of fractions. For example, the fraction 5/2 requires by itself a 
separate model. 

After reviewing some preliminary material in section 1, we establish in section 2 a twisted 
higher index theorem which adapts the proofs of the index theorems of Atiyah [lAt| , Singer 
Connes and Moscovici [CM|, and Gromov |Gr2(| , [Mai], to the case of good orbifolds, that is. 



orbifolds whose orbifold universal cover is a smooth manifold. This theorem generalizes the 



twisted index theorem for 0-traces of |MM] to the case of higher degree cyclic traces. The result 



can be summarized as follows. Let IZ be the algebra of rapidly decreasing sequences, i.e. 

7^ = < (ai)jpN : supf'' |ai| < oo V /c G N > 
I ieN J 

Let r be a discrete group and a be a multiplier on T. Let C(r,(T) denote the twisted group 
algebra. We denote the tensor product C(r,cj) (8> 7^ by IZiJ'^a). Let F — > M — >• M denote the 
universal orbifold cover of a compact good orbifold M, so that M is a smooth manifold. Suppose 
given a multiplier o" on F and assume that there is a projective (F, cj)-action on L? sections of 
F-invariant vector bundles over M. By considering (F, a')-invariant elliptic operators D acting on 
LP' sections of these bundles, we will define a (F, c7)-index element in i^-theory 

Ind^p) GKo(7^(F,a)). 

We will compute the pairing of Indo-(-D) with higher traces. More precisely, given a normalized 
group cocycle c G Z'^(F,C), we define a cyclic cocycle trc G ZC^{£.{T ,a)) of dimension k on the 
twisted group algebra C(F, cr), which extends continuously to a /c-dimensional cyclic cocycle on 
7^(F,cj). This induces a map on i^-theory, 

[trj :i^o(^(r,a)) ^C. 

A main theorem established in this paper is a cohomological formula for 

Ind(e,r,a)(I?) = [trc] {lnd„{D)) . 
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Our method consists of applying the Connes-Moscovici local higher index theorem to a family of 
idempotents constructed from the heat operator on M, all of which represent the (F, a)-mdex. 

Let r be a Fuchsian group of signature . . . ,fn), that is, T is the orbifold fundamental 

group of the 2 dimensional hyperbolic orbifold vi, ■ ■ ■ , fn) of signature [g;vi, . . . , where 
g € Tj, g > denotes the genus and 2-K/i>j, Vj G N denotes the cone angles at the cone points of 



the orbifold. In [ MM ] we computed the K-iheoxy of the twisted group C* algebra. Under the 
assumption that the Dixmier-Douady invariant of the multiplier a is trivial, we obtained 

( z'^-n+Y.Wj ifi = 0; 

[ I?3 if j = 1. 

Here we use a result of Q, which is a twisted analogue of a result of Jollissant and which 
says in particular that, when F is a cocompact Fuchsian group, then the natural inclusion map 
j : TZ{T,a) C*{T,a) induces an isomorphism in X-theory 

K,{n{T,a))^K,{C*{T,a)) 

Using this, together with our twisted higher index theorem for good orbifolds and some results 



in [MM I, and under the same assumptions as before, we determine, in section 3, the range of the 
higher trace on X-theory 

where —(f) = 2(1 — g) + {i^ — n) G Q is the orbifold Euler characteristic of z/i, . . . , Here 
we have u = and c is the area 2-cocycle on F, i.e. c is the restriction to F of the area 

2-cocycle on PSL{2,R). 

In section 4 we study the hyperbolic Connes-Kubo formula for the Hall conductance in the 
discrete model of the Quantum Hall Effect on the hyperbolic plane, where we consider Cayley 
graphs of Fuchsian groups which may have torsion subgroups. This generalizes the results in 



[CHMM[ where only torsion- free Fuchsian groups were considered. We recall that the results in 



[ CHMM [ generalized to hyperbolic space the noncommutative geometry approach to the Euclidean 



quantum Hall effect that was pioneered by Bellissard and collaborators [ Bel+E-I^ , Connes [ Co 



and Xia [ Xia [ . We first relate the hyperbolic Connes-Kubo Hall conductance cyclic 2-cocycle 
and the area cyclic 2-cocycle on the algebra TZ{T,a), and show that they define the same class 
in cyclic cohomology. Then we use our theorem on the range of the higher trace on i('-theory 
to determine the range of values of the Connes-Kubo Hall conductance cocycle in the Quantum 
Hall Effect. The new phenomenon that we observe in this case is that the Hall conductance has 
plateaux at all energy levels belonging to any gap in the spectrum of the Hamiltonian (known as 
the generalized Harper operator), where it is now shown to be equal to an integral multiple of a 
fractional valued topological invariant (j), which is the negative of the orbifold Euler characteristic 
of the good orbifold S((7; i^i, . . . , fn). If we fix the genus, then the set of possible denominators 
is finite by the Hurwitz theorem [RH[, and has been explicitly determined in the low genus cases 



[Brc]. This provides a topological explanation of the appearance of fractional quantum numbers. 



In the last section we compare our results with some observed values. 



In section 5, we provide lists of specific examples of good 2-dimensional orbifolds for which (j) is 
not an integer. First we observe how the presence of both the hyperbolic structure and the cone 
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points is essential in order to have fractional quantum numbers. In fact, (p is an integer whenever 
the hyperbolic orbifold is smooth, i.e. whenever 1 = i/i = . . . = f„, which is the case considered 
in |CHMM |. Similarly, by direct inspection, it is possible to see that all Euclidean orbifolds also 



produce only integer values of (j). We use the class of orbifolds which are spheres or tori with cone 
points, having a (singular) hyperbolic structure, to represent in our physical model some of the 
fractions observed in the FQHE. We also list the examples arising from quotients of low genus 
surfaces |Bro|, and we discuss some phenomenology on the role of the orbifold points and of the 



minimal genus g' of the covering surface. 

Summarizing, one key advantage of our model is that the fractions we get are obtained from 
an equivariant index theorem and are thus topological in nature. Consequently, as pointed out in 



|Bel+E+S], the Hall conductance is seen to be stable under small deformations of the Hamiltonian. 



Thus, this model can be easily generalized to systems with disorder as in |CHM |. This is a 



necessary step in order to establish the presence of plateaux [|Bel+E+S|| . The main limitation 



of our model is that there is a small number of experimental fractions that we do not obtain in 
our model, and we also derive other fractions which do not seem to correspond to experimentally 
observed values. To our knowledge, however, this is also a limitation occuring in the other models 
available in the literature. 

Acknowledgments: We thank J. Bellissard for his encouragement and for some useful comments. 
The second author thanks A. Carey and K. Hannabuss for some helpful comments concerning the 
section 4. The first author is partially supported by NSF grant DMS-9802480. Research by the 
second author is supported by the Australian Research Council. 

1. Preliminaries 

Recall that, if EI denotes the hyperbolic plane and F is a Puchsian group of signature {g-jVi,... 
that is, r is a discrete cocompact subgroup of P5L(2,M) of genus g and with n elliptic elements 
of order i^i, . . . , f„ respectively, then the corresponding compact oriented hyperbolic 2-orbifold of 
signature (g; i/i, . . . , is defined as the quotient space 

=r\]H, 

where g denotes the genus and 2iT/vj, Vj £ N denotes the cone angles at the cone points of the 
orbifold. A compact oriented 2-dimensional Euclidean orbifold is obtained in a similar manner, 
but with H replaced by M^. 

All Euclidean and hyperbolic 2-dimensional orbifolds Ti{g; vi, . . . , Vn) are good, being in fact 
orbifold covered by a smooth surface T,gi cf. [Q, i.e. there is a finite group G acting on T,gi with 
quotient 'E{g; z/i, . . . , where g' = 1 + ^^{2{g — 1) + (n — u)) and where = Yl^=i ^l^j- 



For fundamental material on orbifolds, see Q, [puSl and prof . See also fMJ% , section 1 



Let M be a good, compact orbifold, and £" ^ M be an orbifold vector bundle over M, and 
£ ^ M he, its lift to the universal orbifold covering space F ^ M — > M, which is by assumption 
a simply-connected smooth manifold. We have a (F, cT)-action (where cr is a multiplier on F and a 
denotes its complex conjugate) on L^(M), where we choose to = dr] an exact 2-form on M such that 
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Lo is also F-invariant, although rj is not assumed to be F-invariant, and the Hermitian connection 

V = d + irj 

on the trivial line bundle over M, with curvature = itu. The projective action is defined as 
follows: 

Firstly, observe that since oj is F-invariant, = 7*5 — a; = (i(7*r/ — ?]) V7 E F. So 7*7/ — ry is a 
closed 1-form on the simply connected manifold M, therefore 

7*7/ — T] = d(j)^ V7 G F 
where is a smooth function on M satisfying in addition, 

• (j)'y{x) + (j)^i{'-^x) — </)y^(x) is independent of x G M V7,7' G F; 

• 07 (xq) = for some xq G M V G F. 

Then £7(7,7') = ^^vi.^'t^'yil' ' xq)) defines a multiplier on F i.e. a : T xT ^ satisfies the 

following identity for all 7, 7', 7" G F 

a(7,7 )a-(7,7'7") = 

For u G L'^{M,£), let S'^u = e*'^^n and U-yU = j*u and = U-y o S-y be the composition. Then T 
defines a projective (F, a)-action on L^-spinors, i.e. 



This defines a (F, (T)-action, provided that the Dixmier-Douady invariant 6{a) = 0, see [ MM ] 



As in I MM], we shall consider the twisted group von Neumann algebra W*{T, a), the commutant 
of the left cT-regular representation on ^^(F) and W*{a) as the commutant of the (F, a')-action on 

L2(M,5±^). 

We have an identification (see ] [MM| ) 

W*{a) ^ W*{r, a) (g) B{L^{T, £\r)) 

where B{L?'{J^ ,£\jr)) denotes the algebra of all bounded operators on the Hilbert space L?' {J^ , £\jr) , 
and ^ is a relatively compact fundamental domain in M for the action of F. We have a semifinite 
trace 

tr : W*{a) C 
defined as in the untwisted case due to Atiyah 



Q — > / tr{kQ{x,x))dx 
Jm 

where kg denotes the Schwartz kernel of Q. Note that this trace is finite whenever kg is continuous 
in a neighborhood of the diagonal in M x M. 
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We also consider, as in |MM], the subalgebra C*{a) of W*{a), whose elements have the addi- 
tional property of some off-diagonal decay, and one also has the identification (cf. |MM[| ) 

C*{a)^C*(T,a)^IC{L'^iJ^,£\:F)) 



In [ MM ] we considered the C* algebra 

C*{M) = C{P) X SO(m), 

where P is the bundle of oriented frames on the orbifold tangent bundle. The relevent K-theory 
is the orbifold K-theory 

kUM) ^ Ko{C*{M)) = Ko{C{P) X SO(m)) - i^g°o(„)(i'). 

In the case when M is a good orbifold, one can show that the C* algebras C*{M) and Cq{X) xi G 
are strongly Morita equivalent, where X is smooth and G ^ X ^ M is an orbifold cover. In 
particular, 

kO,,(M) - kO(Co(X) X G) = (X). 

The relevant cohomology is the orbifold cohomology H^^j^{M) = H^{X,G), for j = 0, 1, which 
is the delocalized equivariant cohomology for a finite group action on a smooth manifold [BC|. 
The Baum-Connes equivariant Chern character is a homomorphism 

chG:K^GiX)^H'>{X,G). 

Let = r\£|r be the classifying space of proper actions, as defined in [|BCH ]. In our case, 
the orbifold T,{g;iyi, . . . ,fn), viewed as the quotient space r\BI, is Br{g;i>i, . . . ,fn). Equiva- 
lently, BT{g; z^i, . . . , Un) can be viewed as the classifying space of the orbifold fundamental group 
T{g;ui,. . . ,Un). 

Let ST denote the set of all elements of P which are of finite order. Then ST is not empty, since 
1 G ST. T acts on ST by conjugation, and let FT denote the associated permutation module over 
C, i.e. 



FT = i ^ A«[a] 



Aq € C and Aq, = except for a finite number of a 



Let C''{T,FT) denote the space of all antisymmetric FT-valued T-maps on T^~^^, where T acts 
on T^~^^ via the diagonal action. The coboundary map is 

k+l 

dc{go, . . . ,gk+i) = ^(-l)*c(go, • • • ,gi- ■■Qk+i) 

1=0 

for all c € C^{T, FT) and where gi means that gi is omitted. The cohomology of this complex is 
the group cohomology of T with coefficients in FT, H'^{T,FT), cf. | BCH| |. They also show that 
H^{T,FT) ^ W{T,C) ®m H^{Z{Cm)X), where ST = {l,Cr,^\m = 1, . . . } and the isomorphism 
is canonical. 
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Also, for any Borel measurable F-map ^ : ET - 

: C7'=(r,Fr) 



r, there is an induced map on cochains 



which induces an isomorphism on cohomology, /i* : H''(T, FF) = H''{ET,r) [BCH]. Here 
H^[ET, r) denotes the Z-graded (delocalised) equivariant cohomology ET, which is a refinement 



of what was discussed earlier, and which is defined in [BCH| using sheaves (and cosheaves), but 
we will not recall the definition here. 

Let M be a good orbifold with orbifold fundamental group F. We have seen that the universal 
orbifold cover M is classified by a continuous map f : M ^ BT, or equivalently by a F-map 
f -.M ^ET. The induced map is /* : H^^^^{BT, C) = H^{Ey, F) ^ F^(M, F) = H^^^,{M, C) and 
therefore in particular one has /*([c]) G ff^^^(M, C) for all [c] € H^{T,C). This can be expressed 
on the level of cochains by easily modifying the procedure in |CM|| , and we refer to | CM | for 
further details. 



Finally, we add here a brief comment on the assumption used throughout |MM] on the vanishing 
of the Dixmier-Douady invariant of the multiplier a. We show here that the condition is indeed 
necessary, since we can always find examples where 6{a) 7^ 0. Let F be the Fuchsian group of 
signature {g;vi, . . . , as before. Consider the long exact sequence of the change of coefficient 
groups, as in |MM[ ], 



(1) 



H^{T,U{l))^H'^{T,'L)hH'^{T,W) 



The argument of plv^ shows that H^{T,R) = and H^{T,R] 
that H^{r,Z) = Hom{r,Z) ^ Z^f, H^{r,R) = Hom{r,R) 

Hom{r,U{l)) ^ [7(1)29 x^^^Z^^.. Now H^{T,Z) = Ze^-Z^^,, see [pattj , which is consistent 



. Moreover, we observe 
29 and H\r,U{l)) = 



with the result in |MM|] that the group of the orbifold line bundles over the orbifold T\M has 
l-n+EJ=i generators. It is also proved in ||Patt| ] that H^(T, [/(!)) = U{1) x^^^Zj,^,. Using the 
long exact sequence and the remarks above, we see that H^{T, Z) = Tor{H'^{T, U (1))) = x j=i '^uj ■ 

Thus, in the sequence we have Ker{i^) = (Bj'^Uj, I'm{i*) = Z = Ker{et^^^), Im{et^^^^) = 
U{1). So we can identify all the classes of multipliers with trivial Dixmier-Douady invariant with 
U{1) = Ker{5). Finally, we have 



Im{5) = /7^(F,Z) = H^{T,U{l))/Ker{6) 



The calculations of the cohomology of the Fuchsian group F = F(5f; z^i, . . . , f„) are summarized 
in the following table. 



J 




H^{r,R) 







z 


R 


U(l) 


1 




R^9 


U(l)29 ©J- z^, 


2 


Z (Bj Zjy^ 


R 


U(l) (Bj Z^, 


3 


(Bj Zy^ 
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2. Twisted higher index theorem 



In this section, we will define the higher twisted index of an elliptic operator on a good orbifold, 
and establish a cohomological formula for any cyclic trace arising from a group cocycle, and which 



is applied to the twisted higher index. We adapt the strategy and proof in CM ] to our context. 



2.1. Construction of the parametrix and the index map. Let M be a compact, good 
orbifold, that is, the universal cover T — > M — > M is a smooth manifold and we will assume, 
as before, that there is a (F, a)-action on L^(M) given by = U-y o S^^j G F. Let £, T be 
Hermitian vector bundles on M and let f , T be the corresponding lifts to F-invariants Hermitian 
vector bundles on M. Then there are induced (F, CT)-actions on Lp'{M,£) and Lp'{M,!F) which 
are also given by = [/^ o V7 G F. 

Now let D : Lp'{M,£) — > L'^(M,T) be a first order (F, CT)-invariant elliptic operator. Let 
U CZ M he an open subset that contains the closure of a fundamental domain for the F-action on 
M. Let ip € C^{M) be a compactly supported smooth function such that supp(^/^) C U, and 

Let (j) G C^{M) be a compactly supported smooth function such that (p = 1 on supp(V')- 

Since D is elliptic, we can construct a parametrix J for it on the open set U by standard 
methods, 

JDu = u-Hu Vn e {U, £\u) 
where H has a smooth Schwartz kernel. Define the pseudodifferential operator Q as 

(2) Q = Y,Ty<pJi;T; 
We compute, 

(3) QDw = Ty<pJipDT*w € C^iM, £), 

since T-^D = DT^ V7 G F. Since D is a first order operator, one has 

D{tpw) = ipDw + {D'ip)w 

so that dH) becomes 

= J2 Ty(/)JDil;T*w - J2 Ty^J{D^)T: 
7er 7er 
Using (^), the expression above becomes 

= Tyi^T*w - Y Ty<t>Hil>T*w - Y T-y(t>J{Dij)T: 
7er 7er 7er 

Therefore becomes 

QD = I-Ro 



yW. 
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where 

has a smooth Schwartz kernel. It is clear from the definition that one has T^Q = QT^ and 
T^Rq = RqT^ V7 e r. Define 

Rx =* Rq + DR^Q - DQCRq). 
Then T^Ri = RiT^ V7 G F, Ri has a smooth Schwartz kernel and satisfies 

DQ = I-Ri. 
Summarizing, we have obtained the following 

Proposition 2.1. Let M be a compact, good orbifold and T ^ M —>■ M be the universal orbifold 
covering space. Let £, T be Hermitian vector bundles on M and let £, T be the corresponding 

lifts to T -invariants Hermitian vector bundles on M . We will assume as before that there is a 
(r,a)'action on L'^{M) given by Tj = U^, o S*-^, V7 € F, and induced {F, a) -actions on L'^{M,£) 
and L2(M, J") which are also given by = U-f o S*^ V7 G F. 

Now let D : L'^{M,£) L'^{M,T) he a first order {T ^ a) -invariant elliptic operator. Then 
there is an almost local, {T, a) -invariant elliptic pseudodifferential operator Q and (T, a) -invariant 
smoothing operators Rq, Ri which satisfy 

QD = I-Ro and DQ = L - Ri. 



Define the idempotent 

Rq {Ro + Ro)Q 
RiD 1 - i?? 



^^^•^ ■ ai-L/ 1 — 
Then e{D) G M2(7^(F, a)), where 7^(F, a) = C(F, o") (g) 7^ is as defined in §1. 



The Tl{T, a)-index is by fiat 

Ind,(L») = [e{D)\ - [Eo] G i^o(7^(F, a))) 

where Eo is the idempotent 

It is not difficult to see that Indo-(£^) is independent of the choice of (F, c7)-invariant parametrix 
Q that is needed in its definition. 

Let j : TZ{T, a) —>■ C*(F, a) be the canonical inclusion, which induces the morphism in i^-theory 

: K,{n{T,a)) ^ K,{C;{r,a)). 

Then we have. 

Definition. The C*(r,a)-index of a (F, a-)-invariant elliptic operator D : L'^{M,£) L'^{M,^) 
is defined as 

^(r,,)^) = j*(Ind,(L»)) G Ko{C:{r,a)) 
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2.2. Heat kernels and the index map. Given D as before, for t > 0, we use the standard 
off-diagonal estimates for the heat kernel. Recall that the heat kernels e~*^ ^ and g"*-^-^* are 
elements in the Tl{T,a) (see the appendix). Define the idempotent et{D) € M2{TZ{T,a)) (see the 
appendix) as follows 

It is sometimes known as the Wasserman idempotent. 

The relationship with the idempotent e{D) constructed earlier can be explained as follows. 
Define for t > 0, 

(1 _ e-*/2D-D) 

Qt = -D* 

^* D*D 

Then one easily verifies that QtD = l-e~*/^^*^ = l-Ro{t) and DQt = l-e~*/2^^* =1-Ri{t). 
That is, Qt is a parametrix for D for all t > 0. Therefore one can write 



et{D) 



( Ro(tf (Ro{t) + Ro{tf)Qi 



\Ri{t)D l-Ri{tf 
In particular, one has for f > 

Ind,(L») = [et{D)] - [E^] G Ko(7^(^, a)). 



We use the same notation as in [ MM| ]. A first order elliptic differential operator D on M, 

D : L^{M,£) L'^{M,J^) 

is by fiat a F-equivariant first order elliptic differential operator D on the smooth manifold M, 

D : L^(m,£) L^(m,F). 

Given any connection on W which is compatible with the T action and the Hermitian metric, 
we define an extension of the elliptic operator D, to act on sections oi £ ® W, T W ^ 



as in |MM[| 



2.3. Group cocycles and cyclic cocycles. Using the pairing theory of cyclic cohomology and 



X-theory, due to |Co|, we will pair the (r,cj)-index of a (F, (j)-invariant elliptic operator D on 
M with certain cyclic cocycles on 7^(r,a"). The cyclic cocycles that we consider come from 
normalised group cocycles on V. More precisely, given a normalized group cocycle c G Z^(r,C), 
for k = 0, . . . ,dimM, we define a cyclic cocycle trc of dimension k on the twisted group ring 
C(r, cr), which is given by 



trc(ao<^<;o' • • • 'Ofcf^gJ 



«0 • • • afcc(5i, • • • ,5fc)tr((5go(5<;i •••^gj if 9o---5fc = 1 
otherwise. 



TWISTED HIGHER INDEX THEORY ON GOOD ORBIFOLDS 11 

where aj € C for j = 0, 1, . . . ,k. To see that this is a cychc cocycle on C(r, a), we first define, as 
done in Q, the twisted differential graded algebra Q*{T,a) as the differential graded algebra of 
finite linear combinations of symbols 

godgi ...dgn gi^T 
with module structure and differential given by 

n 

{godgi . . . dgn)g = ^{-lT~^a{gj,gj+i)godgi . . . d{gjgj+i) . . . dgndg 
i=i 

+ a)9odgi . . . d{gng) 

d{godgi ■ ■ ■ dgn) = dg^dgi . . . dgn 

We now recall normalised group cocycles. A group /c-cocycle is a map h : r'^'+i ^ C satisfying 
the identities 

H990, ■ ■■99k) = H90, ■■■9k) 
fc+i 

= ^(-l)*/i(5o, • • • ,5i-i,5i+i • • • ,5fc+i) 

Then a normalised group A;-cocycle c that is associated to such an h is given by 

c(5i, • • • ,9k) = h{'^,9i,9i92,- ■ ■ ,91 ■■■9k) 

and it is defined to be zero if either gi = 1 ov if gi . . . gk = 1- Any normalised group cocycle 
c G Z^{T, C) determines a A;-dimensional cycle via the following closed graded trace on ri*(r, a) 



godgi ...dgn 



c{gi,... ,gk)tT{6gg6g^...6gJ ifn = k and 50 • • -5/0 = 1 
otherwise. 



Of particular interest is the case when k = 2, when the formula above reduces to 

c{gi,g2)o-{gi,g2) if 505152 = 1; 

9odgidg2 

otherwise. 
The higher cyclic trace trc is by fiat this closed graded trace. 

2.4. Twisted higher index theorem- the cyclic cohomology version. Let M be a compact 
orbifold of dimension n = 4^. Let F — > M — > M be the universal cover of M and the orbifold 
fundamental group is T. Let D be an elliptic first order operator on M and D be the lift of D to 

M, 

D : L^(m,£) L^(M,r). 
Note that D commutes with the T-action on M. 
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Now let a; be a closed 2-form on M such that u) = p*uj = dr] is exact on M. Define V = 
d + ir]. Then V is a Hermitian connection on the trivial line bundle over M, and the curvature 
of V, (V)^ = iuj. Then V defines a projective action of F on spinors on M as in section 1. 

Consider the twisted elliptic operator on M, 

Then D (g) V no longer commutes with T, but it does commute with the projective (r,cj) action. 
In §2.1, we have defined the higher index of such an operator, 

Ind^(5«) V) G i^o(^(r,c7)). 

Given a group cocycle c G Z'^'^{T), one can define the associated cyclic cocycle Tc on TZ{T,a) as 
in §2.3. Then Tc induces a homomorphism on X-theory 

The real valued higher index is the image of the higher index under this homomorphism, i.e. 

Ind(,,r,a)(5 V) = [Td(Ind,(5 V)) 

To introduce the next theorem, we will briefly review some material on characteristic classes for 
orbifold vector bundles. Let M be a good orbifold, that is the universal orbifold cover T ^ M ^ 
M of M is a smooth manifold. Then the orbifold tangent bundle TM of M can be viewed as the 
T-equivariant bundle TM on M. Similar comments apply to the orbifold cotangent bundle T*M 
and, more generally, to any orbifold vector bundle on M. It is then clear that, choosing T-invariant 
connections on the F-invariant vector bundles on M, one can define the Chern-Weil representatives 
of the characteristic classes of the F-invariant vector bundles on M. These characteristic classes 



are F-invariant and so define cohomology classes on M. For further details, see |Kaw|. 



Theorem 2.2. Let M be a compact, even dimensional, good orbifold, and let F be its orbifold 
fundamental group. Let D be a first order, T-invariant elliptic differential operator acting on L^ 
sections of T-invariant vector bundles on M , where T ^ M ^ M is the universal orbifold cover 
of M. Then, for any group cocycle c £ Z'^'^{T), one has 



(4) Ind^c,r,a)iD ® V) = ^^^.j^'^^^,^ {Td{M) U chisymb{D)) U U e'^, [T*M]) 

where Td{M) denotes the Todd characteristic class of the complexified orbifold tangent bundle of 
M which is pulled back to the orbifold cotangent bundle T*M , ch{symb{D)) is the Chern character 
of the symbol of the operator D, cpc is the Alexander- Spanier cocycle on BT that corresponds to the 
group cocycle c and f : M ^ BT is the map that classifies the orbifold universal cover M M , 
cf. section 1. 

Proof. Choose a bounded, almost everywhere smooth Borel cross-section (3 : M ^ M, which can 
then be used to define the Alexander-Spanier cocycle (pc corresponding to c G Z^''(F), and such 
that [(t>c\ = f*[c] G H'^'^{M). As in §2.2, for f > 0, there is an index idempotent, 

l-Ri{tf ) ^M2{n{T,a)), 
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where for t > 0, 



(1 



Then as in §2.2, one sees that Roit), Ri{t) are smoothing operators and Qt is a parametrix for D 
for all t > 0. The 7^(r, cr)-index map is then 

Ind,(5 ® V) = [etiD ® V)] - [^o] € Koin{r,a)). 
where Eq is the idempotent 

^^-[o 1 

Let Rt = et{D ®V) — Eq. We adapt the strategy and proof in [CM| to our situation. 
Ind(e,r,a)(5® V) = ti ^{Rt,Ru...Rt) 

(5) = I c(l,7i,... ,72,)x 

7iv729ei 

tr(i?t(/?(xo), 7l/3(xi)) . . . Rti'y2qPix2q), /3ixo)))dxo . . . dX2q 



-t/2D*D\ 



where (3 : M ^ M denotes a bounded measurable section. Notice that the phase term tr((5-y^ . . . (J-ygq) 
appearing in the expression fo r the coc ycle trc cf. §2.3, is exactly cancelled by the twisted product 
of the integral kernels cf. [CHMM| §3. Notice also that the right hand side of equation (|5|) is 
independent of the choice of the section /3, since upon changing /? to 7 • /?, we obtain 

Rt{iP{xo), lilPixi)) . . . Rt{l2qlP{x2q), iPixo)) = e''^-(''(-°))i?t(/3(xo), j-^jal3{xi))e-'^-'^^''^^^'^^^^^^ . . . 

g^V^(7-S2,7/5(:r2<,))^^(^-l^2g7/3(a;2g),/9(a;o))e-*'^-'('^("'«)) 

= i?f(/3(xo),7l/3(xi)) . . . Rt{j2qP{x2q), f3{xQ)), 

where 7i = 7~^7i7 which is exactly as in the case when the multiplier is trivial. 

Observe that if : ?7 ^ M is a smooth local section, then there is a unique element 
(Ti,-- - ,l2q) G such that {P{xo),jiP{xi), . . .j2qP{x2q)) S . Morcover, we have 

the equality c(l, 71, . . . , 72^) = 4>cixo,xi, . . . X2q) (and = otherwise), where (j)c denotes the 
F-equivariant (Alexander-Spanier) 2g-cocycle on M representing the pullback /*(c) of the group 
2-cocycle via the classifying map /. Since Rt is mainly supported near the diagonal as t — > 0, and 
using the equivariance of Rt, one sees that 

Ind(c r,(T) (-^^ <X) V) = lim / (/)c(xo,xi, . . . X2q)ir{Rt{xQ,xi) . . . Rt{x2q, xo))dxodxi . ..dx2q, 

where we have identified M with a fundamental domain for the F action on M. The proof is 
completed by applying the local higher index Theorems 3.7 and 3.9 in | CM |, to obtain the desired 
cohomological formula ^ for Ind(c,r,(T)(-^ <E) V). □ 
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3. Twisted Kasparov map and range of the higher trace on K-theory 

In this section, we compute the range of the 2-trace tic on i^-theory of the twisted group C* 
algebra, where c is a 2-cocycle on the group, generahsing the work of [ |CHMM |. Suppose as before 



that r is a discrete, cocompact subgroup of PSL{2,M.) of signature (giui,... ,Vn)- That is, F 
is the orbifold fundamental group of a compact hyperbolic orbifold Ti{g;vi, . . . , of signature 
{g;ui, . . . , Vn). Then for any multiplier cj on F such that 5{a) = 0, one has the twisted Kasparov 
isomorphism, 

fi^ : i/i, . . . , Un)) K,{C*(T, a)), 



Proposition 2.14 in |1VIM|. Its construction is recalled in this section, as we need to refine it by 
factoring it through the iC-theory of the dense subalgebra 7^(r, a) of C*{T, a). This is necessary 
in order to be able to use the pairing theory of Connes []Co| , |CJvl| between higher cyclic traces and 
iC-theory. We note that using a result of @, that7^(^, a) is indeed a dense subalgebra of C* (F, a) 
in our case. In particular, given any projection P in C*{T, a) there is both a projection P in the 
same Kq class but lying in the dense subalgebra TZ(T,a). This fact will also be utilized in the 
next section. On the other hand, by the results of the current section, given any such projection 
P there is a higher topological index that we can associate to it cf. Theorem 3.3. The main result 
we prove here is that the range of the 2-trace trc on i^-theory of the twisted group C* algebra 
is always an integer multiple of a rational number. This will enable us to compute the range of 
values of the Hall conductance in the quantum Hall effect on hyperbolic space, generalizing the 



results in |CHMM| ]. 



3.1. Twisted Kasparov map. Let F be as before, that is, F is the orbifold fundamental group 
of the hyperbolic orbifold T,(g; vi, . . . ,fn)- Then for any multiplier a on F, we will factor the 
twisted Kasparov isomorphism, 

(6) fi^ : K:,,i^{g;ui, . . . ^ K,{C;{T,a)) 

in [ pVIMf through the i^-theory of the dense subalgebra 7?.(F, a) of C*(F, a). 



Let £ — > Ti{g;i'i,... be an orbifold vector bundle over T,{g; vi, . . . ,f„) defining an ele- 



ment [£] in K^(T,{g;i'i,... ,fn))- As in Kaw |, one can form the twisted Dirac operator jd^ 
L'^{T,{g; ui, . . . , 5+ (g) £) L?{Ti{g; ui, . . . , 5~ £) where denote the ^ spinor bun- 
dles over Ti{g; vi, . . . , Un). One can lift the twisted Dirac operator as above, to a F-invariant 

operator on H = Ti{g; vi, . . . , Un), which is the universal orbifold cover of T,{g; vi, . . . , Vn), 

^+ : L^{m,S+^£) L^{m,S^£) 

For any multiplier o" of F with 5([cr]) = 0, there is a M- valued 2-cocycle ^ on F with [(] G 
H'^(T,R) such that [e^'^v^f] = [a]. By the argument of pM[ , section 2.2, we know that we 



have an isomorphism //^(F,M) = i7^(Fg',M), and therefore there is a 2-form lo on S^/ such that 
|-g27rv^^(^j _ i^^j^ Q£ course, the choice of lj is not unique, but this will not affect the results that 
we are concerned with. Let uj denote the lift of to to the universal cover H. Since the hyperbolic 
plane HI is contractible, it follows that u) = dr] where ?? is a 1-form on HI which is not in general 
F invariant. Now V = d + iry is a Hermitian connection on the trivial complex line bundle on HI. 
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Note that the curvature of V is = iu. Consider now the twisted Dirac operator which is 
twisted again by the connection V, 

V : L2(H, S+^£) L^{m, f^8). 

It does not commute with the F action, but it does commute with the projective (F, CT)-action 
which is defined by the connection V as in §1. In section 2.1, we have defined the higher index of 
such an operator 

Ind,(^®V) €iro(^(r,a)), 

where as before, IZ denotes the algebra of rapidly decreasing sequences on 1?. 
Then the twisted Kasparov map (^) is 

=j;(Ind,(^®V)) =Ind(r,.)(^®V) Gi^o(C*(F,a)), 

where j : IZiV, a) = C(F, a) ®TZ ^ C*{T^ a) (g) /C is the natural inclusion map, and as before, K 
denotes the algebra of compact operators. Then 

j,:Ko{n{T,a))^K^{C;{V,a)) 

is the induced map on Kq. The twisted Kasparov map was defined for certain torsionfree groups 



in [ CHMM and the general case in [Mal|. It is related to the Baum-Connes assembly map | BC 
|BCH|, as is discussed in [Mal|. 



3.2. Range of the higher trace on i^-theory. The first step in the proof is to show that given 
a hounded group cocycle c € Z^(F) we may define canonical pairings with K^{T,{g; ui, . . . , Un)) 
and KQ{C*(T,a)) which are related by the twisted Kasparov isomorphism, by adapting some of 
the results of Connes and Connes-Moscovici to the twisted case. As T,{g; i/i, . . . = BT is 
a negatively curved orbifold, we know (by ||Mos | and [Gr|) that degree 2 cohomology classes in 



H'^(T) have bounded representatives i.e. bounded 2-cocycles on F. The bounded group 2-cocycle 
c may be regarded as a skew symmetrised function on F x F x F, so that we can use the results 
in section 2 to obtain a cyclic 2-cocycle trc on C(F, a) ^TZhy defining: 

tre(/°®r°,/^0r\/2®r2) = Tr(AV) ^ f\go) f\gi)f\g2) 0(1, gi, gi 92)^(91, 92). 

909192=1 



Since the only difference with the expression obtained in | CM | is cr(gi, 52), and since \(T{gi,g2)\ = 1 



we can use Lemma 6.4, part (ii) in | CM | and the assumption that c is bounded, to obtain the 
necessary estimates which show that in fact trc extends continuously to the bigger algebra 7^(F, a). 
By the pairing of cyclic theory and ii'-theory in [Co|, one obtains an additive map 



Explicitly, [trc]([e] — [/])= trc(e, • • • , e) — trc(/, • • • , /), where e, / are idempotent matrices with 
entries in (7^(F, cr))~ = unital algebra obtained by adding the identity to TZ{T, a) and trc denotes 

the canonical extension of trc to (7^(F, cr))~. Let (8) V be the Dirac operator defined in the 
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previous section, which is invariant under the projective action of the fundamental group defined 
by a. Recall that by definition, the (c, F, o")-index of (8) V is 

Ind(,,r,a)(!^^ C5 V) = [tr,](lnd,0+ V)) = ([tr,], G M. 

It only depends on the cohomology class [c] G H'^{T), and it is linear with respect to [c]. We 
assemble this to give the following theorem. 

Theorem 3.1. Given [c] G -f^^(r) and a G H'^{T,U{1)) a multiplier on V, there is a canonical 
additive map 

([c], ):Kl,{T.{g-v,,... 

which is defined as 

([c],[f]) =Ind(,,r,<x)(^ ®V) = [tr,](Ind,(^0V)) = ([trj, a^.([£-])) G M. 
Moreover, it is linear with respect to [c]. 

The area cocycle c of the Fuchsian group T is a canonically defined 2-cocycle on T that is defined 
as follows. Firstly, recall that there is a well known area 2-cocycle on PSL{2,'K), cf. [|Co2 |, 
defined as follows: PSL{2,R) acts on M such that M ^ PSL{2,R)/SO{2). Then 0(51,52) = 
Area(A(o, 51.0, (72~"^-o)) G I^j where o denotes an origin in IH and Area(A(a, 6, c)) denotes the 
hyperbolic area of the geodesic triangle in IH with vertices at a,b,c G H. Then the restriction of 
c to the subgroup T is the area cocycle c of F. 

Corollary 3.2. Let c, [c] G H'^(T), be the area cocycle, and £ ^{g', vi, ■ ■ ■ , i^n) be an orbifold 
vector bundle over the orbifold T,{g; vi, . . . , Vn)- Then in the notation above, one has 

([c], [£]) = </.rank£' G 

where — </> = 2(1 — 5) + (z/ — n) G Q is the orbifold Euler characteristic 0/ £(5; z^i, . . . , i/„) and 
z^ = Ej=ilM- 



(7) [tr,](Ind,(^+ V)) = / i(J^)tr(e^ )e"V*(c), 



Proof. By Theorem 2.2, one has one has 

1 

2vr#(G) y^,, 

where S^/ is smooth and G Tigi S((7; J^i, . . . , f„) is a finite orbifold cover. Here ip : T,g' T,gi 
is the lift of the map / : '^{g; vi,--- Vn) '^{Sj '^i, ■ ■ ■ '^n) (since BT = 'S{g; i^i, ■ ■ ■ Vn) in this case) 
which is the classifying map of the orbifold universal cover (and which in this case is the identity 
map) and [c] degree 2 cohomology class on E^/ that is the lift of c to S^'. We next simplify the 
right hand side of ^ using the fact that A{Vt) = 1 and that 

tr(e'^^) = rankf" + tr(i?^), 

r{c) = c, 

e'^ = 1 + a;. 

We obtain 

rank^" 
2^^#(G) 



[trj(lnd.(^+ ® V)) = ;^;^i77^([c], [S,,]). 
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When c, [c] G H^(T), is the area 2-cocycle, then c is merely the restriction of the area cocycle on 
PSL{2,M) to the subgroup Tg/. Then one has 

{[c\,[^g']) = -2nxi^g') = M9'-l). 

The corohary now follows from Theorem |3.1| above together with the fact that g' = 1 + {2{g — 
1) + (n - u)), and u = YTj=i ^ 

We next describe the canonical pairing of Kq{C*(J^, a)), given [c] G H'^{T). Since i^i, . . . , f™) 
is negatively curved, we know from Q that 

7^(^,cJ) = J / : r ^ C 1 ^\f{l)\^{l+l{l)f < oo for all A; > O > , 

7er 

where Z : T — > denotes the length function, is a dense and spectral invariant subalgebra of 
C*(r,cj). In particular it is closed under the smooth functional calculus, and is known as the 
algebra of rapidly decreasing functions on T. By a theorem of |Bost], the inclusion map 
7^(r,(j) C C*{T,a) induces an isomorphism 

(8) Kj{n{T,a))^Kj{C;{T,a)), j = 0,l. 

The desired pairing is the one obtained from the canonical pairing of K^iTZiV^ a)) with [c] G H'^(X) 
using the canonical isomorphism. Therefore one has the equality 

{[c],^,-'[P]) = {[tr,],[P]) 

for any [P] G KQ(Jl(T,a)) = KQ{C*{T,a)). Using the previous corollary, one has 

Theorem 3.3 (Range of the higher trace on if-theory). Let c be the area 2-cocycle on T. Then 
c is known to be a bounded 2-cocycle, and one has 

([trj, [P]) = (j){rank£^ - rank^^) G (pZ, 

where —(p = 2(1 — 5) + (z^ — n) G Q is the orbifold Euler characteristic of S(gf; z^i, . . . , Un) and 
V = Sj=i l/z^j- Here [P] G KQ{TZ{T,a)) = Kq{C*{T ,a)), and £^ , £^ are orbifold vector bundles 
over Ti{g; z^i, . . . , fn) such that 

f,-H[P]) = [£'] - [£'] G Ki,{J:{g;u,,... 

In particular, the range of the the higher trace on K-theory is 

[trd(Ao(C*(r,a))) =0Z. 



Note that (p is in general only a rational number and we will give examples to show that this is 
the case; however it is an integer whenever the orbifold is smooth, i.e. whenever \ = vi = . . . = v^, 
which is the case considered in [ |CHMM| . We will apply this result in the next section to compute 
the range of values the Hall conductance in the quantum Hall effect on the hyperbolic plane, for 
orbifold fundamental groups, extending the results in |1CHMM |. 



In the last section we provide a list of specific examples where fractional values are achieved, 
and discuss the physical significance of our model. 
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4. The Area cocycle, the hyperbolic Connes-Kubo formula and the Quantum 

Hall Effect 



In this section, we adapt and generalize the discrete model of the quantum Hall effect of 



Bellissard and his collaborators Bel+E+S and also | CHMM |, to the case of general cocompact 
Fuchsian groups and orbifolds, which can be viewed equivalently as the generalization to the 
equivariant context. We will first derive the discrete analogue of the hyperbolic Connes-Kubo 



formula for the Hall conductance 2-cocycle, which was derived in the continuous case in [CHMM|. 



We then relate it to the Area 2-cocycle on the twisted group algebra of the discrete Fuchsian 
group, and we show that these define the same cyclic cohomology class. This enables us to use 
the results of the previous section to show that the Hall conductance has plateaux at all energy 
levels belonging to any gap in the spectrum of the Hamiltonian, where it is now shown to be 
equal to an integral multiple of a fractional valued topological invariant, namely the orbifold 
Euler characteristic. The presence of denominators is caused by the presence of cone points 
singularities and by the hyperbolic geometry on the complement of these cone points. Moreover 
the set of possible denominators is finite and has been explicitly determined in the next section, 
and the results compared to the experimental data. It is plausible that this might shed light on 
the mathematical mechanism responsible for fractional quantum numbers in the quantum Hall 
effect. 

We consider the Cayley graph of the Fuchsian group F of signature (g-jUi,... , which acts 
freely on the complement of a countable set of points in the hyperbolic plane. The Cayley graph 
embeds in the hyperbolic plane as follows. Fix a base point UGH such that the stabilizer (or 
isotropy subgroup) at u is trivial and consider the orbit of the F action through u. This gives the 
vertices of the graph. The edges of the graph are geodesies constructed as follows. Each element 
of the group F may be written as a word of minimal length in the generators of F and their 
inverses. Each generator and its inverse determine a unique geodesic emanating from a vertex x 
and these geodesies form the edges of the graph. Thus each word x in the generators determines 
a piecewise geodesic path from u to x. 

Recall that the area cocycle c of the Fuchsian group F is a canonically defined 2-cocycle on F 
that is defined as follows. Firstly, recall that there is a well known area 2-cocycle on PS'L(2,M), 
cf. lCo|, defined as follows: P5L(2,M) acts on M such that M ^ PSL{2,R)/SO{2). Then 
c(7i,72) = Area(A(o, 7i.o, 72~"'^.o)) G M, where o denotes an origin in IH and Area(A(a, 6, c)) 
denotes the hyperbolic area of the geodesic triangle in H with vertices at a,b,c € H. Then the 
restriction of c to the subgroup F is the area cocycle c of F. 

This area cocycle defines in a canonical way a cyclic 2-cocycle trc on the group algebra C(F, cr) 
as follows; 

trc(ao,ai,a2) = ^ ao(7o)ai(7i)a2(72)c(7i, 72)<7(7i, 72) 
707172=1 

We will now describe the hyperbolic Connes-Kubo formula for the Hall conductance in the 
Quantum Hall Effect. Let Qj denote the (diagonal) operator on ^^(F) defined by 

^■/(7) = f^i(7)/(7) V/e£2(F) V7GF 
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where 

p.o 

= "j j = 1, • • • ,25 

Jo 

and where 

(9) {aj}j=i,...,25 = {aj}j=i,...,g U {6j}j=i,...,g 

is a collection of harmonic l/-forms on the orbifold ^{g; I'l, ■ ■ ■ , fn), generating //^(Sg,M) = 



cf. |Kaw2| pg. 78-83. These correspond to harmonic G-invariant forms on S^/ and to harmonic 



F-invariant forms on 

Notice that we can write equivalently 

^i(7) = Ci(7), 

where the group cocycles Cj form a symplectic basis for H^{T, Z) = Z^^, with generators {aj}j=i,... ^2g, 
as in (|9|) and can be defined as the integration on loops on the Riemann surface of genus g un- 
derlying the orbifold T,{g; vi, . . . , fn), 



1(7) = / aj. 



For j = 1, . . . , 2g, define the derivations 5j on Tl{T, a) as being the commutators Sja = [Qj,a]. 
A simple calculation shows that 

5ja{-f) = (7)0(7) Va G n{r, a) V7 E T. 

Thus, we can view this as the following general construction. Given a 1-cocycle a on the discrete 
group r, i.e. 

0(7172) = a(7i) + 0(72) V71, 72 G r 
one ca.n define a. derivcitioii 6a on the twisted group algebra C{T,a) 

-5a(/)(7) = a(7)/(7)- 

Then we verify that 



'5a(/5)(7)=a(7)/<7(7) 

= a(7) ^ /(7i)5'(72)o-(7i,72) 

7=71 72 

= X] ("(71) + a(72))/(7i)5'(72)o-(7i,72) 

7=7172 

= X] ('^a(/)(7l)5(72)'7(7l,72) + /(7i)'5a(5')(72)'7(7i,72; 

7=7172 

= (5a(/)5)(7) + (/M(7)- 



As determined in section 1, the first cohomology of the group T = T(g;L'i, . . . ,Un) is a free 
Abelian group of rank 2g. It is in fact a symplectic vector space over Z, and assume that 
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aj, bj,j = 1, ... g' is a symplectic basis of i7^(r,Z), as in (|9|). We denote by 6j and 61,^ by Sj-^-g. 
Then these derivations give rise to cydic 2-cocycle on the twisted group algebra C{T,a), 

tr^(/o,/i,/2) = ^tr(/o(5,(/i).5,+,(/2) - 5j+g{h)5j{f2))) 

tr^ is called the Connes-Kubo Hall conductance cyclic 2-cocycle. 
In terms of the fij, note that we have the simple estimate 

|%(7)l < l|aill(oo)'^(7-o,o) 

where ^(7.0, o) and the distance drij, 1) in the word metric on the group T are equivalent. This 
then yields the estimate 

\Sja{-f)\ < CNdr{-f, 1)^^ ViV G N 
i.e 5ja € TZ(T,a) Va G TZ{r,a). Note that since V7,7' G F, the difference $7^(77') — %(7') is a 
constant independent of 7', we see that F-equivariance is preserved. For j = 1, . . . , 2g, define the 
cyclic 2-cocycles 

trj^(ao,ai,a2) = ti{ao{Sjai6j+ga2 - 6jj^gai6ja2)). 

These compute the Hall conductance for currents in the (j + 5')th direction which are induced 
by electric fields in the jth direction, as can be shown using the quantum adiabatic theorem of 
Avron-Seiler-Yaffe |Av+S+Y ] just as in section 6 of [CHMM|, in the continuous model. Then 
the hyperbolic Connes-Kubo formula for the Hall conductance is the cyclic 2-cocycle given by the 
sum 

g 

tr^(ao, 01,02) = y^trf (ao,ai,a2)- 
i=i 

Theorem 4.1 (The Comparison Theorem). 



Proof: Our aim is now to compare the two cyclic 2-cocycles and to prove that they differ by a 
coboundary i.e. 

tr^(ao,ai,a2) - trc(ao, ai, (12) = 6A(ao, 01,02) 
for some cyclic 1-cochain A and where b is the cyclic coboundary operator. The key to this theorem 
is a geometric interpretation of the hyperbolic Connes-Kubo formula. 

We begin with some calculations, to enable us to make this comparison of the cyclic 2-cocycles. 

tr'^(ao,oi,02) = 

9 

^ J2 "0(70) ('5jOi(7i)(5j+ga2(72) - '5j+gOi(7i)(5j02(72))o-(7o,7i)cr(7o7i,72) 

j=l 7Q7i72=l 
9 

= Y1 Yl ao(7o)ai(7i)a2(72) (^•(7i)^-+g(72) - % +9(71)^^^(72)) o"(7i,72) 

j=l 7071 72=1 
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since by the cocycle identity for multipliers, one has 

cr(7o,7i)o-(7o7i>72) = o-(7o,7i72)o-(7i,72) 

= ^^(7o,7o"^)^(7i>72) since 707172 = 1 

= o-(7i,72) since cr(7o, 7o ^) = 1. 
So we are now in a position to compare the two cyclic 2-cocycles. Define ^'j (71, 72) = (71) 1^^+3(72) — 

^•+g(7l)f]j(72). 

Let H : IH ^ M?^ denote the Abel-Jacobi map 




where / means integration along the unique geodesic in H connecting o to x. The origin o is 

Jo ^ 
chosen so that it satisfies T.o = F. The map H is a symplectic map, that is, if uj and toj are the 

respective symplectic 2-forms, then one has = uj. One then has the following geometric 

lemma. 

Lemma 4.2. 

XI (71 > 72) = / 

j=l -'Ab(7i,72) 

where A£;(7i,72) denotes the Euclidean triangle with vertices at H(o), 2(71.0) and ^(72.0), and 
ujj denotes the flat Kdhler 2-form on the Jacobi variety. That is, Ylj=i ^jiliil^) is equal to the 
Euclidean area of the Euclidean triangle A£;(7i,72). 



Proof. We need to consider the expression 



9 9 

^^'^(71,72) = J]]%(7l)0j+g(72) - ^•+g(7l)0j(72 



Let s denote the symplectic form on M^^ given by: 

9 

S{U,V) = ^{UjVj+g - Uj+gVj). 

The so-called 'symplectic area' of a triangle with vertices H(o) = 0, H(7i.o), ^(72.0) may be seen to 
be s(H(7i.o), H(72.o)). To appreciate this, however, we need to use an argument from [GH], pages 
333-336. In terms of the standard basis of M^^ (given in this case by vertices in the integer period 
lattice arising from our choice of basis of harmonic one forms) and corresponding coordinates 
iti, M2; • • • U2g the form s is the two form on M^^ given by 

9 

iuj = X^ duj A duj+g. 

Now the 'symplectic area' of a triangle in M^^ with vertices H(o) = 0, ^(71.0), ^(72.0) is given by in- 
tegrating (jjj over the triangle and a brief calculation reveals that this yields s(S(7i.o), H(72.o))/2, 
proving the lemma. □ 
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We also observe that since u) = 'B*ujj, one has 

c(7i!72) = / u; = uj 

JA(7i,72) JS(A(7i,72)) 

Therefore the difference 

X]*i(')'i>72) -c(7i,72) = / f^j-i f^j 

j=l •^Ab(7i,72) JS(A(7i,72)) 

= / Qj- [ Qj 

-'aAs(7i>72) -'aS(A(7i,72)) 

where 9j is a 1-form on the universal cover of the Jacobi variety such that d@j = ujj. Therefore 
one has 

9 

J]^'j(7i,72) -c(7i,72) = /i(l,7i) -/i(7f\72) + /i(72"\l) 

i=i 

where /i(7f \72) = /s(^(^j,^2)) ~ im(7i,72) where ^(71,72) denotes the unique geodesic in 
H joining 71.0 and 72.0 and m(7i, 72) is the straight line in the Jacobi variety joining the points 
S(7i.o) and 2(72.0). Since we can also write /i(7f^,72) = /d(^i 72)^-^' ''^^^'^^ -^^(715 72) is a disk 
in the Jacobi variety with boundary 2(^(71, 72)) U m(7i, 72), we see that h is F-invariant. 

We now define the cyclic 1-cochain A on 7?.(r, a) as 

A(ao,ai) = tr((ao)/iai) = ^ /^(l, 7i)ao(7o)ai(7i)cr(7o, o-i) 

7071=1 

where (ao)/i is the operator on £^(r) whose matrix in the canonical basis is /i(7i, 72)clo(7l72^^)• 
Firstly, one has by definition 

6A(ao, oi, 02) = A(aoai, 02) — A(ao, 0102) + A(a2ao, ai) 

We compute each of the terms seperately 

A(aoai,02)= ^ 72)ao(7o)ai(7i)a2(72)o"(7i> 72) 

707172=1 

A(ao,aia2)= ^ 7172)^0(70)01 (7i)a2(72)o-(7i, 72) 

70 71 72=1 

A(a2ao,ai)= ^ /i(l,7i)«o(7o)«i(7i)«2(72)o"(7i,72) 
707172=1 

Now by F-equivariance, /i(l,7i72) = ^1(7^^, 72) and /i(l,72) = /t(7^^, !)• Therefore one has 

6A(ao, 01,02) = 

^ 00(70)01(71)02(72) {h{l2^^ 1) - ^(7rS72) + ^(1,71)) o"(7i,72) 

707172=1 

Using the formula above, we see that 

6A(ao, oi, 02) = tr''^(ao, oi, 02) - trc(ao, oi, 02). 
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It follows from Connes pairing theory of cyclic cohomology and iC-theory [ |Co2 ], by the range 



of the higher trace Theorem |3.3| and by the Comparison Theorem 4.1 above that 

Corollary 4.3 (Rationality of conductance). The Connes-Kubo Hall conductance cocycle tr^ is 
rational. More precisely, one has 

tr^(P, P, P) = tTciP, P, P) £ 0Z 

for all projections P G TZ(T,a), where —cp = 2(1 — g) + {u — n) G Q is the orbifold Euler 
characteristic of Ti[g]Vi, . . . , fn) • 

Finally, suppose that we are given a very thin sample of pure metal, with electrons situated 
along the Cayley graph of F, and a very strong magnetic field which is uniform and normal in 
direction to the sample. Then at very low temperatures, close to absolute zero, quantum mechanics 
dominates and the discrete model that is considered here is a model of electrons moving on the 
Cayley graph of F which is embedded in the sample. The associated discrete Hamiltonian H^^ for 
the electron in the magnetic field is given by the Random Walk operator in the projective (F, a) 
regular representation on the Cayley graph of the group F. It is also known as the generalized 
Harper operator and was first studied in this generalized context in [3un|, see also [ PHMM | . We 



will see that the Hamiltonian that we consider is in a natural way the sum of a free Hamiltonian 
and a term that models the Coulomb interaction. We also add a restricted class of potential terms 
to the Hamiltonian in our model. 

Because the charge carriers are Fermions, two different charge carriers must occupy different 
quantum eigenstates of the Hamiltonian. In the limit of zero temperature they minimize the 
energy and occupy eigenstates with energy lower that a given one, called the Fermi level and 
denoted E. Let Pe denote denote the corresponding spectral projection of the Hamiltonian. 
If E is not in the spectrum of the Hamiltonian, then then Pe G "^(F, cj) and the hyperbolic 
Connes-Kubo formula for the Hall conductance ge at the energy level E is defined as follows; 

aE = ir^{PE,PE,PE). 

As mentioned earlier, it measures the sum of the contributions to the Hall conductance at the 
energy level E for currents in the (j + g)th. direction which are induced by electric fields in the jth 
direction, cf. section 6 [ CHMM| . By Corollary 4.3, one knows that the Hall conductance takes on 



values in (jj'L whenever the energy level E lies in a gap in the spectrum of the Hamiltonian H^. 
In fact we notice that the Hall conductance is a constant function of the energy level E for all 
values of E in the same gap in the spectrum of the Hamiltonian. That is, the Hall conductance 
has plateaux which are integer multiples of the fraction (p on the gap in the spectrum of the 
Hamiltonian. 

We now give some details. Recall the left cr-regular representation 

(f/(7)/)(7') = /(7"S')^(7,7~S') 
V/ G ^^(F) and V7,7' G F. It has the property that 



U{l)U{^') = a{^,i)UM) 



24 



MATILDE MARCOLLI AND VARGHESE MATHAI 



Let S = {Aj,Bj,Aj ^ ,Bj ^ , Ci, ^ : j = 1, . . . , (7, i = 1, . . . , n} be a symmetric set of genera- 
tors for r. Then the Hamiltonian is exphcitly given as 

765 

and is clearly by definition a bounded self adjoint operator. Notice that the Hamiltonian can 
be decomposed as a sum of a free Hamiltonian containing the torsionfree generators and a term 
simulating Coulomb interactions, that contains the torsion generators. 

jjfree _j_ jjinteraction 

where 

j=0 

and 

n 



^interaction ^ ^ ^^^^-^ ^ U{Ci)*. 



i=l 



Let V € C(r,cr) be any "potential", and 

Lemma 4.4. If E ^ spec{H(^y), then Pe G TZ{T,a), where Pe = X[o,E]iHa,v) is the spectral 
projection of the Hamiltonian to energy levels less than or equal to E. 

Proof. Since E spec(-?/(j,y), then Pe = X[o,£;](^o-,v) = viH^^y) for some smooth, compactly 
supported function ip. Now by definition, H^j G C(r,cj) C TZ{T,a), and since 7l{T,a) is closed 
under the smooth functional calculus by the result of it follows that Pe & T^(X, o"). 

□ 



Therefore by Corollary 4.3 and the discussion following it, we have. 

Theorem 4.5 (Fractional Quantum Hall Effect). Suppose that the Fermi energy level E lies in 
a gap of the spectrum of the Hamiltonian Huy, then the Hall conductance 

aE = ti^ {Pe, Pe, Pe) = ti'c{PE, Pe, Pe) G 0Z 

That is, the Hall conductance has plateaux which are integer multiples of (j) on any gap in the 
spectrum of the Hamiltonian, where —(j) = 2{\ — g) + {v — n) Q is the orbifold Euler characteristic 
ofTj{g;ui, . . . 



Remarks 4.6. The set of possible denominators (p for low genus coverings can be derived easily 
from the results of | Bro and is reproduced in the second table in the next section. It is plausible 
that this Theorem might shed light on the mathematical mechanism responsible for fractional 
quantum numbers that occur in the Quantum Hall Effect, as we attempt to explain in the following 
section. 
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5. Fractional quantum numbers: phenomenology 



We first discuss the characteristics of our model explaining the appearance of fractional quan- 
tum numbers in the quantum Hall effect. In particular, we point out the main advantages and 
limitations of the model. 

Our model is a single electron model. It is well known that the FQHE is a consequence of the 
Coulomb interaction between electrons, hence it should not be seen by a single particle model. 
However, in our setting, the negative curvature of the hyperbolic structure provides a geometric 
replacement for interaction. The equivalence between negative curvature and interaction is well 
known from the case of classical mechanics where the Jacobi equation for a single particle moving 
on a negatively curved manifold can be interpreted as the Newton equation for a particle moving 



in the presence of a negative potential energy [ Arn]. 



The main advantage of this setting is that the fractions derived in this way are topological. 
In fact, they are obtained from an equivariant index theorem. Moreover, they are completely 
determined by the geometry of the orbifold. In fact, we have 

</> = -Xorfe(S(5f;z^i, . . . 

Let us recall that the orbifold Euler characteristic XorbC^) of an orbifold S, is a rational valued 
invariant that is completely specified by the following properties, cf. [Tan]: 



1. it is multiplicative under orbifold covers; 

2. it coincides with the topological Euler characteristic in the case of a smooth surface; 

3. it satisfies the volume formula, 

k 

Xorbi^l U ■ ■ • U Sfc) = ^ Xorbi^j) - Yl Xorbi^i □ S^-) + " ' ' (-l)''+^Xorfe(Sl R • • • H Sfc 
i=i i,j 



whenever all the intersections on the right hand side are suborbifolds of Si U • • • U S^, and 
all the are orbifolds of the same dimension. 

This characterization allows for ease of computation and prediction of expected fractions. 



Most notably, as pointed out in [Bel+E+S|, the topological nature of the Hall conductance 



makes it stable under small deformations of the Hamiltonian. Thus, this model can be easily 



generalized to systems with disorder, cf. |CHM]. This is a necessary step in order to establish 
the presence of plateaux [[Bel+E+S I. 



The identifications of fractions with integer multiples of the orbifold Euler characteristic imposes 
some restrictions on the range of possible fractions from the geometry of the orbifolds. For 
instance, it is known from the Hurwitz theorem that the maximal order of a finite group acting 
by isometries on a smooth Riemann surface Tig' is #(G') = 84:(g' — 1). Moreover, this maximal 
order is always attained. Thus, the smallest possible fraction that appears in our model is ^ = 

2(9'-l) _ 1 /An 



26 



MATILDE MARCOLLI AND VARGHESE MATHAI 



This is, in some respects, an advantage of the model, in as it gives very clear prediction on 
which fractions can occur, and at the same time its main limitation, in as we do not get a complete 
agreement between the set of fractions we obtain and the fractions that are actually observed in 
experiments on the FQHE. 

In order to compare our predictions with experimental data, we restrict our attention to orb- 
ifolds with a torus or a sphere as underlying topological surface. Recall that, as explained above, 
we think of the hyperbolic structure induced by the presence of cone points on these surfaces as a 
geometric way of introducting interaction in this single electron model, hence we would consider 
equivalently the underlying surface with many interacting electrons (fractions observed in FQHE 
experiments) or as a hyperbolic surface with one electron. 

We report a table of comparison between the values obtained experimentally and our predic- 
tion. Notice how the fraction 5/2 which appears in the experimental values and caused major 

problems of interpretation in the many-particle models appears here natTirally as the orbifold 
Euler characteristic of 6, 6, 6) (which we may as well refer to as the Devil's orbifold). 



experimental 


5 = 1 or g = 


5/3 


S(l:6,6) 


4/3 


E(l:3.3) 


7/5 


S(0;5,5,10, 10) 


4/5 


S(l;5) 


5/7 


S(0; 7, 14, 14) 


2/3 


S(l;3) 


3/5 


11(0; 5, 10, 10) 


4/7 


S(0;7,7, 7) 


5/9 


??? 


4/9 


S(0;3,9,9) 


3/7 


??? 


2/5 


S(0;5,5,5) 


1/3 


S(0;3,6,6) 


5/2 


S(l;6,6,6) 



Despite the small number of discrepancies in the table above, the agreement between values 
of orbifold Euler characteristics and experimentally observed fractions in the quantum Hall effect 
is far from being satisfactory. In particular, not only there is a small number of observed values 
which are not orbifold Euler characteristics, but there are also many rational numbers that are 
realized as orbifold Euler characteristics, which do not seem to appear among the experimental 
data. For instance, by looking at the values of the next table, reported also in figure 1, we see 
clearly that wc have some fractions with even denominator, such as 1/4, 1/2, and 1/6, which do 
not correspond to experimental values. As pointed out in the introduction, the reason for this 
discrepancy is that a more sophisticated model for the Coulomb interaction is needed in general. 

In the remaining of this section, we discuss some phenomenology, with particular emphasis on 
the nature of the cone points and the role of the minimal genus of the covering surface S^/. We 
hope to return to these topics in some future work. 
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Every orbifold ^{g; z^i, • • • , I'n) is obtained as a quotient of a surface S^/ with respect to the 
action of a finite group G, cf. [^]. In general both g' and G are not unique. For instance, the 
orbifold 2, 2) is obtained as the quotient of S2 by the action of Z2, or as the quotient of E3 
by the action of Z4, or by the action of Z2 x Z2, cf. |Bro|. For every T,(g; vi, . 



minimal g' such that the orbifold is obtained as a quotient of S 



g' 



, Vn) there is a 
by a finite group action. In 



|Brc], Broughton has derived a complete list of all the good two dimensional orbifolds which are 
quotients of Riemann surfaces S^/ with genus g' = 2 or 3. 

In a physical model one can distinguish between two types of disorder, a mobility disorder 



and a sample disorder, cf. [Bel+E+S|. We can argue phenomenologically that, if an orbifold 
can be realized by a covering of low genus, this corresponds to a lower density of atoms in the 
sample, as opposed to the case of a surface of high genus, as one can see by looking at the Cayley 
graph of Tgi. Thus, we can consider the minimal genus of the smooth coverings as a measure of 
mobility. This means that, in an experiment, the fractions derived from orbifolds with low genus 
coverings will be easier to observe (have more clearly marked plateaux) than fractions which are 
only realized by quotients of surfaces of higher genus. 



Thus, we can consider the list of examples given in | Bro and compute the corresponding 
fractions. We list the result in the following table. 





.9' = 2 


5' = 3 


4/3 




E(0;3,3,3,3,3) S(l;3,3) 


2/3 


S(0;3,3,3,3) 


I](0; 2, 2, 6, 6) 2(0; 2, 3, 3, 6) S(0; 2, 2, 2, 2, 3) E(l; 3) 


4/7 




E(0;7,7,7) 


1/2 


S](0;2,2,4,4)* E(0; 2, 2, 2, 2, 2)* 


S(0;4,8,8) i;(l;2) 


4/9 




E(0;3,9,9) 


2/5 


S(0;5,5,5) 




1/3 


I](0;3,6,6) S(0;2,2,3,3)* 


S(0; 2, 12, 12) S(0; 3, 4, 12) S(0; 4, 4, 6) E(0; 2, 2, 2, 6) 


1/4 


S(0;2,8,8)* I](0;4,4,4)* S(0; 2, 2, 2, 4)* 




1/5 


I](0;2,5,10) 




4/21 




E(0;3,7,7) 


1/6 


I](0;3,4,4)* I](0;2,6,6)* E(0; 2, 2, 2, 3)* 


S(0;2,4, 12) S(0;3,3,6) 


1/8 


E(0;2,4,8)* 




1/12 


S(0;2,4,6)* E(0;3,3,4)* 




1/24 


E(0;2,3,8)* 




1/42 




S(0;2,3,7) 



In the table the orbifolds that are markes with a * can be realized both as quotient of S2 
and of S3. It seems also reasonable to think that if the same fraction is realized by several 
different orbifolds, for fixed g' , then the corresponding plateau will be more clearly marked in the 
experiment. This would make 0=1/3 the most clearly pronounced plateau, which is in agreement 
with the experimental data. However, higher genus corrections are not always negligible. In fact, 
by only considering genus g' = 2 and g' = 3 contributions, we would expect a more marked 
plateau for the fraction (j) = 2/3 than for the fraction (j) = 2/5, and the experimental results show 
that this is not the case. It seems important to observe that this model produces equally easily 
examples of fractions with odd or even denominators (e.g. (p = 1/4 appears in the table above). 
It is interesting to compare this datum with the difficulty encountered within other models in 
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explaining the appearance of the fraction 5/2 in the experiments. Its presence is only justified by 
introducing a different physical model (the so called non-abelian statistics). In figure || we sketch 
the plateaux as they would appear in the result of an experiment, using only the low genus g' = 2 
and g' = 2> approximation. 




1/42 1/12 1/6 1/5 1/4 
1/24 1/8 4/21 



Figure 1. Phenomenology of fractions in the low genus approximation 



As we already mentioned in the introduction, both the hyperbolic structure and the cone points 
are essential in order to have fractional quantum numbers. In fact, (p is an integer whenever the 
hyperbolic orbifold is smooth, i.e. whenever \ = vi = . . . = which is the case considered in 
[ |CHMM|] . On the other hand, by direct inspection, it is possible to see that all euclidean orbifolds 
also produce only integer values of (p. (Notice that sometimes hyperbolic orbifolds with cone 
points may still produce integers: the orbifold S(l;2,2) has (/> = 1, cf. [ [Bro|] .) Models of FQHE 
on euclidean orbifolds have been considered, in a different, string-theoretic context, e.g. |Sk-Th|. 



We can argue that the cone points can also be thought of as a form of "disorder". In fact, we 
may identify the preimage of the cone points in the universal covering HI with sample disorder 
(with respect to the points in the Cayley graph of Tgi ) . The same fraction can often be obtained 
by orbifolds with a varying number of cone points (for fixed g'), as illustrated in the previous 
table. This can be rephrased by saying that the system allows for more or less sample disorder, 
and in some cases this can be achieved without affecting the mobility measured by g' . 
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Appendix 



The main purpose of this appendix is to estabhsh Lemma F, which is used in the paper. We 



follow closely the approach in | BrSu |. We use the notation of the previous sections. Let A 
be an operator on L'^{M,S E) with Schwartz kernel kA and also commuting with the given 
(r, a')-action. Then one has 

(10) e''^'^^''hA{lx,-fy)e-''^^^y^ = kA{x,y) V7 G L, 

where we have identified the fibre at x G M with the fibre at jx E M. If kA is smooth, then one 
can define the von Neumann trace just as Atiyah did in the untwisted case, 



tr(A;^) = J tr{kA{x,x)) dx, 

where J- denotes a fundamental domain for the action of F on M and where tr denotes the 
pointwise or local trace. The von Neumann trace is well defined, since as a consequence of (p!o|), 
ti{kAix, x)) is a F-invariant function on M. The following lemma establishes that it is a trace. 

Lemma (A). Let A, B be operators on L^{M,S ® E) with smooth Schwartz kernels and also 
commuting with the given (T,a)-action. Then one has 

tr {AB) = tr (BA) . 

Proof. Let kA^ks denote the smooth Schwartz kernels oi A,B respectively, and kAB^ksA denote 
the smooth Schwartz kernels of AB, BA respectively. Then one has 



iv[AB-BA)= \j{kAB{x,y) -kBA{x,y)) 



\ ^'K{kA{x,y)kB{y,x) - kB{x,y)kA{y,x)) 

= E/ / k('=.(..7.)^.(7.,.)-*.(..7.)^.(7...)) 
= 

since each term in the summand vanishes by symmetry, and we have used the fact that the 
fundamental domain is compact in order to interchange the order of the summation and integral. 

□ 

We will also adopt a more operator theoretic approach. Let 7i = L?'{J-, S ® E\jr). Then $ : 

L^{M,S^E) ^ f{r,n) is given by {<^s){j) = Rr{T^s) V7 G F, where : L'^{M,S®E) H 
denotes the restriction map to the fundamental domain J^. 

As in section 1, let W*{a) denote the commutant, i.e. 

W*{a) = {Aef(T,n) ■.m,A]=0 V7GF} 
Then one has the following simple lemma. 
Lemma (B). W*{a) is a semifinite von Neumann algebra. 
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Proof. We need to show that W*{a) is a *-algebra which is weakly closed. We will establish that 
it is has a semifinite trace a bit later on. 

Let A,B e W*{a). Since [Tj,AB] = [Tj,A]B + Am,B], it follows that AB e W*{a). Since 

[T^,A] = -[T*,A*] = -[T^^-i,A*] it follows A* G W*{a). Clearly the identity operator is in 
W*{a). Finally, if An G W*{a) Vn G N and An converges weakly to A, it follows that for ah 
7 G r, TjAn converges weakly to T^A and also to AT^. By uniqueness of weak limits, we deduce 
that AeW*ia). □ 

For A G W*{a), define its generalized Fourier coefficients A{j) G B(H) as 

Ai^)v = mASY)il) 
where 6^ G e'^(r,n) is defined for allveHas 

f -y if 7 = 1; 

Since T^dl{-/) = Sl{'j'-f)a{-f' ,^), one has 



otherwise. 



I' ^; if y = 7 1; 

[ otherwise, 

since <7(7^^,7) = 1 V7 G F. In particular, it follows that for all / G i^{r,H), one has 

/(7)= E T.X'-''^ 

7172=7 

SO that one has the following Fourier expansion 

7172=7 7172=7 

= E %i)(/(72)). 

7172=7 

The following elementary properties are satisfied by the Fourier coefficients. 
Lemma (C). For A,B e W*{a) and for all 7 G F, for all f G ^^(F, H), one has 



(1) Afij) = J2 %i)(/(72)); 



71 72 =7 



(2) ^*(7) = (^(7"^)r; 

(3) AB(7) = E %i)^(72); 

71 72=7 

(4) X4*(i) = E%)%); 

(5) ||A||<Ell%)ll; 

7 

(6) 1^(7) = 1(7)-%). 
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Proof. The proof follows by straightforward calculations as done above. The reader is warned 
that the righthand side of the inequality in part (5) is not necessarily finite. □ 

Define Co{T,JC) to be the set of all A € W*{a) such that A{j) G /C V7 G T, and 1(7) = for 
all but finitely many 7 G F. Then the completion of Co(r, /C) with respect to the operator norm is 
denoted, as in section 1 of MM[| , by C*{T, a) (S) IC, and called the twisted crossed product algebra 



associated to the twisted action [a, a). Then one has the following useful containment criterion, 

Lemma (D). If A e W*{a) and also satisfies ^ ||1(7)|| < 00, then A G C*{T,a) (g) /C. 

7 

If A G W*{a) and also satisfies ^^d{'j,l)''\\A{-f)\\ < 00, for all positive integers k, then 

7 

A G n(T,a). 

Proof. Let Ki C K2 C • • • be a sequence of finite subsets of P which is an exhaustion of F, i.e. 
\J.^^ Kj = F. For all 3 G N, define Aj G W*{a) by 



^(7) if 7€ ^jS 
otherwise. 

Then in fact Aj G Co(F,/C) by definition, and using the previous lemma, we have 

\\A-A,\\ < Y,\\A^,m 

= j2\\Mi)-Mj)\\ 

By hypothesis, ||A(7)|| < 00, therefore ||^(7)|| ^ as j ^ 00, since Kj is an increasing 

7 76r\iCj 

exhaustion of F. This proves that A G C*(F, a) IC. 

The second part is clear from the definition, once we identify TZ with the algebra of sequences 



(a^)^gP sup(i(7, 1) |a^| < 00 V/c G N > . 



□ 



The following off'-diagonal estimate is well known, cf. |[BrSu |. 



Lemma (E). Let D = /)^ (g) V* be a twisted Dirac operator. Then the Schwartz kernel k{t,x,y) 
of the heat operator e~*-^*^ is smooth \ft > 0. It also satisfies the following off-diagonal estimate 

\k{t,x,y)\ < Cit-"/2e-C2d(x,s/)Vt 
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uniformly in (0, T] x M x M for any T > 0, where d denotes the Riemannian distance function 
on M. The same result is true for the the Schwartz kernel of the heat operator e~*^^* . 

Lemma (F). Let D = J)^®V^ he a twisted Dirac operator. Then e-*-^*^, e~*^^* G 'R{T,a) C 

c*(r,(7)(8)X: vt>o. 

Proof. By the Lemma above, it follows that e~^^ D^^-tDD* ^^^^ bounded operators commuting 
with the given twisted action, i.e. e~^^ ^, e~*^^' € W*{T,TL). Since the Schwartz kernels of 

e~^^*^{j), e^^^^* (j) are smooth V7 G F by the Lemma above, it follows that e~*^*^ (7), e~*^^* (7) G 
/C V7 G F. Let dr denote the word metric with respect to a given finite set of generators, and d 
the Riemannian metric on M. Then it is well known that 

drill, 12) < C3( inf_ (i(7ia;, 72?/) + 1) 

x,y£M 

for some positive constant C3. By the Lemma 5 above, one has, 

for some positive constants 6*4,(75, and a similar estimate holds for e~*^^*(7). Setting r{'y) = 
dri'j, 1) observe that one has the estimate 

#{7GF|r(7)<i?}<C6e^^^ 

for some positive constants Cq, C7, since the volume growth rate of F is at most exponential. 
Therefore one has 

^d(7,l)*^||e'^^*^(7)|| < 00 and ^^(7, l)'=||e'^*^'(7)|| < 00 
7 7 
for all positive integers k. By the Lemma above, it follows that ^-tD* D ^ ^-tDD* ^ 7^(r,(T) C 

c;{T,a)®K: Vt>0. 

□ 
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